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1. Introduction
We consider oscillatory singular integral operator Tλ,α,β deﬁned by
Tλ,α,β f (x) = p.v.
∫
R
eiλ(x−y)k Kα,β(x− y) f (y)dy
where k is an integer with k 2, α > 0, β > 0, and
Kα,β(t) = e
i|t|−β
t|t|α .
When λ = 0, Tλ,α,β are called strongly singular integral operators which were ﬁrst studied in [4]. Hirschmann proved that
T0,α,β is bounded on Lp(R) when∣∣∣∣ 1p − 12
∣∣∣∣< 12 − αβ
and it fails to be bounded if∣∣∣∣ 1p − 12
∣∣∣∣> 12 − αβ .
The higher dimensional situation was considered in [15]. Lp estimates for the critical Lp spaces where |1/p − 1/2| =
1/2 − α/β were established in [3] via complex interpolation on Hardy spaces. Lp theory for more general operators was
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524 C.-H. Cho, C.W. Yang / J. Math. Anal. Appl. 362 (2010) 523–533studied in [13]. Hardy space estimates for this type of operators with a different condition for α’s, namely, α = 0 were
obtained in [2,3,12].
If α = β = 0, then Tλ,α,β are called oscillatory singular integral operators. Y. Pan obtained Hardy space estimates of these
operators in [9] and [10].
Oscillatory strongly singular integral operators are related with strongly singular Radon transforms in the sense that the
Fourier transforms of strongly singular Radon transforms with respect to the second variable can be expressed by strongly
singular integral operators. To be more precise let R be a strongly singular Radon transform deﬁned as
Rg(x, t) =
∫
ei|y|−β
y|y|α g
(
x− y, t − yk)dy
and let F2 be the Fourier transform of functions in R2 with respect to the second variable, that is,
F2g(x, λ) =
∫
eitλg(x, t)dt.
We then have
F2(Rg)(x, λ) =
∫
ei(|y|−β+λ|y|k)
y|y|α F2 f (x− y, λ)dy.
Decay of estimates for Tλ,α,β gives differentiability of Rg with respective to the second variable as in [11, pp. 715–719].
One can obtain differentiability of Rg in the ﬁrst variable to some degree. Combining two estimates we can obtain a certain
L2 regularizing property of R . It would be interesting if one can obtain sharp L2 improving estimates for R in mixed Sobolev
spaces. Various Lp estimates in various contexts for R can be found in [1,5–8].
Since oscillatory strongly singular integral operators have both oscillation and strong singularity, they carry mapping
properties of both oscillatory and strongly singular integral operators to some degree.
The purpose of this paper is two-fold. First, we investigate sharp decay estimates for L2 operator norm of Tλ,α,β as
λ → ∞. Second, we consider difference of Tλ,α,β and T0,α,β , that is, Tλ,α,β − T0,α,β . More precisely, we shall consider
difference of operators associated with Tλ,α,β and T0,α,β . Since the second operator of the difference is independent of λ, we
do not expect decay in λ of the operator norm so we set λ = 1. We establish Hardy space, Hp , estimates for T1,α,β − T0,α,β
with interesting restriction on 1  p  kα+k . By applying interpolation and combining this with the previous Lp estimates
for T0,α,β it is easy to see that Tλ,α,β have the same Lp mapping property as strongly singular integral operators T0,α,β .
More precisely we shall prove the following theorems:
Theorem 1 (L2-estimate). For β  2α, Tλ,α,β is bounded on L2(R), and as λ → ∞
‖Tλ,α,β‖L2→L2 ≈ λ−(β/2−α)/(β+k) if k is even,
‖Tλ,α,β‖L2→L2 ≈ λ−(β/3−α)/(β+k) if k is odd.
To state the next theorem in a precise manner we deﬁne new operators Tλ,α,β associated with Tλ,α,β as
Tλ,α,β f (x) = eiλxk Tλ,α,β f˜ (x)
where f˜ (x) = e−iλ(−x)k f (x). We clearly have ‖Tλ,α,β‖Lp→Lp = ‖Tλ,α,β‖Lp→Lp .
Theorem 2 (H p-estimate). For β  2α, k α and 1 p  kk+α , T1,α,β − T0,α,β is bounded from Hp(R) into Lp(R).
Corollary 1 (Lp-estimate). T1,α,β is bounded on Lp(R) when∣∣∣∣ 1p − 12
∣∣∣∣ 12 − αβ
and it fails to be bounded if∣∣∣∣ 1p − 12
∣∣∣∣> 12 − αβ .
The restriction on p in Theorem 2 turns out to be necessary in the sense of the following theorem.
Theorem 3. If p < kk+α , then T1,α,β − T0,α,β is unbounded from Hp(R) into Lp(R).
Throughout this paper A  B means that there exists a constant C such that A  C B and A ≈ B means A  B and B  A.
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In this section we prove Theorem 1. To prove inequalities “”, we carefully make use of van der Corput lemma in [14]
and to obtain the opposite inequalities we construct appropriate functions which give the lower bound of the operator
norms.
Proof of Theorem 1. We use a smooth cut-off function ϕ such that ϕ is even, 0 ϕ  1, supported in [−2,2], and ϕ(x) = 1
if x ∈ [−1,1]. We set η(x) = ϕ(x) − ϕ(2x). We decompose Tλ,α,β to write
Tλ,α,β f (x) =
∞∑
l=−∞
Tλ,α,β,l f (x)
where
Tλ,α,β,l f (x) =
∫
eiλ(x−y)k Kα,β(x− y)η
(
2−l(x− y)) f (y)dy.
We ﬁrst prove that if k is even, then as λ → ∞
‖Tλ,α,β‖L2→L2  λ−(β/2−α)/(β+k). (2.1)
To prove (2.1) we claim
‖Tλ,α,β,l‖L2→L2  2−αl min
{(
λ2lk
)−1/2
,2βl/2
}
. (2.2)
By using the change of variables and abusing the notation we have
Tλ,α,β,l f
(
2lx
)= 2−αl ∫ ei(2−βl|x−y|−β+λ2kl(x−y)k)Ψ (x− y) f (2l y)dy
where Ψ (t) = η(t)t|t|α . In view of the support of η, Ψ is a smooth function with compact support and L∞ norms of itself and
its derivatives are bounded. We set
T˜λ,α,β,l f (x) = 2−αl
∫
ei(2
−βl|x−y|−β+λ2kl(x−y)k)Ψ (x− y) f (y)dy.
We then observe that
‖Tλ,α,β,l‖L2→L2 = ‖T˜λ,α,β,l‖L2→L2 .
To see this, we deﬁne dilation operators δa for a > 0 by δa f (x) = f (ax). It is easy to see that δa satisﬁes the identities:
δ−1a = δa−1 and ‖δa f ‖L2(R) = a−1/2‖ f ‖L2(R) . In view of the deﬁnition of T˜λ,α,β,l we can write
δ2l (Tλ,α,β,l f ) = T˜λ,α,β,l(δ2l f ).
We therefore obtain
‖Tλ,α,β,l f ‖L2(R) =
∥∥δ2−l T˜λ,α,β,l(δ2l f )∥∥L2(R)
= 2l/2∥∥T˜λ,α,β,l(δ2l f )∥∥L2(R)
 2l/2‖T˜λ,α,β,l‖L2→L2‖δ2l f ‖L2(R)
= ‖T˜λ,α,β,l‖L2→L2‖ f ‖L2(R),
which implies ‖Tλ,α,β,l‖L2→L2  ‖T˜λ,α,β,l‖L2→L2 . By using the same argument we obtain the reverse inequality.
We set Φλ,β,l(t) = 2−βl|t|−β + λ2kltk and write
T˜λ,α,β,l f (x) = 2−αl
∫
eiΦλ,β,l(x−y)Ψ (x− y) f (y)dy.
Since T˜λ,α,β,l is a convolution operator, we can write
F(T˜λ,α,β,l f )(ξ) =mλ,α,β,l(ξ)F( f )(ξ)
where F( f ) is the Fourier transform of f and
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∫
ei(2
−βl|t|−β+λ2kltk+ξt)Ψ (t)dt
= 2−αl
∫
eiΦ˜λ,β,l(t)Ψ (t)dt.
The second derivative of the phase function Φ˜λ,β,l(t) is written as
Φ˜ ′′λ,β,l(t) = 2−βlβ(β + 1)|t|−β−2 + λ2klk(k − 1)tk−2. (2.3)
Since each term of the right-hand side of (2.3) is positive, for all t in the support of Ψ
Φ˜ ′′λ,β,l(t)max
{
2−βl, λ2kl
}
.
By combining this with van der Corput lemma in [14] we obtain (2.2). We therefore have
‖Tλ,α,β‖L2→L2 
∞∑
l=−∞
‖Tλ,α,β,l‖L2→L2

∑
2lλ−1/(β+k)
2(β/2−α)l +
∑
2lλ−1/(β+k)
λ−1/22−(α+k/2)l
 λ−
(β/2−α)
β+k ,
which proves (2.1).
Now we prove that if k is odd, then as λ → ∞
‖Tλ,α,β‖L2→L2  λ−(β/2−α)/(β+k). (2.4)
We note that k 3. In this case we consider the equation Φ˜ ′′
λ,β,l(t) = 0, which has possible one solution
t = −2−l
(
λ−1β(β + 1)
k(k − 1)
)1/(k+β)
.
Since the support of Ψ is contained in {t | 1/2  |t|  2}, there are only ﬁve possible consecutive l’s, say, l0 + j for j =
−2,−1,0,1,2, for which the solution of the above equation exists in the support of Ψ and it is easy to see that there exist
a positive integer N0 which only depends on β and k such that for t ∈ suppΨ if l l0 + N0, then
2 · 2−βlβ(β + 1)|t|−β−2  ∣∣λ2klk(k − 1)tk−2∣∣ (2.5)
and if l l0 − N0, then
2−βlβ(β + 1)|t|−β−2  2∣∣λ2klk(k − 1)tk−2∣∣. (2.6)
(2.5) and (2.6) imply that for t ∈ suppΨ and |l − l0| N0
Φ˜ ′′λ,β,l(t)max
{
2−βl, λ2kl
}
.
Therefore if |l − l0| N0, then
‖Tλ,α,β,l‖L2→L2  2−αl min
{(
λ2lk
)−1/2
,2βl/2
}
.
When |l − l0| < N0, we observe that 2−βl ≈ λ2kl , that is,
2l ≈ λ−1/(β+k). (2.7)
We apply Lemma 2.3 in [6] and (2.7) to obtain that if |l − l0| < N0, then
‖Tλ,α,β,l‖L2→L2  2−αl2βl/3 ≈ λ−(β/3−α)/(β+k).
Now it remains to sum all dyadic pieces but before doing this we observe that (2.5) and (2.6) imply that
if l l0 − N0, then 2l  λ−1/(β+k)
and
if l l0 + N0, then 2l  λ−1/(β+k),
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‖Tλ,α,β‖L2→L2 
∞∑
l=−∞
‖Tλ,α,β,l‖L2→L2

∑
ll0−N0
2(β/2−α)l +
∑
|l−l0|<N0
λ−(β/3−α)/(β+k) +
∑
ll0+N0
λ−1/22−(α+k/2)l
 λ−
(β/3−α)
β+k .
Now we prove the converse inequalities. We ﬁrst treat the case where k is even. The idea is to construct appropriate L2
functions fλ and gλ satisfying
|〈Tλ,α,β fλ, gλ〉L2(R)|
‖ fλ‖L2‖gλ‖L2
 λ−
β/2−α
β+k .
To construct such functions we need certain information of the function ϕ(t) = t−β + tk (t  1/2). Since β is nonnegative
and k 2 is even, there exists M > 0 such that for all 1/2 t  2
ϕ′′(t) = β(β + 1)t−β−2 + k(k − 1)tk−2  M.
We set
I1,λ =
[
λ
− 1
β+k , λ−
1
β+k + c1λ−
1
β+k λ−
β
2(β+k)
]
,
and
I2,λ =
[
2λ−
1
β+k ,2λ−
1
β+k + c1λ−
1
β+k λ−
β
2(β+k)
]
where c1 is a positive real number satisfying
Mc21
2
 π
10
. (2.8)
We deﬁne functions fλ and gλ as
fλ(y) =
{
eiλ
β
β+k (−1+λ
1
β+k ϕ′(1)y+ 12ϕ′(1)) if y ∈ I1,λ,
0 if y /∈ I1,λ
and
gλ(x) =
{
eiλ
β
β+k (−1−λ
1
β+k ϕ′(1)x+ 12ϕ′(1)) if x ∈ I2,λ,
0 if x /∈ I2,λ.
In view of supports of fλ and gλ , we have
‖ fλ‖L2(R)‖gλ‖L2(R) ≈ λ−
1
β+k λ−
β
2(β+k) .
By using the change of variables (x, y) = (λ− 1β+k x′, λ− 1β+k y′) we obtain
〈Tλ,α,β fλ, gλ〉L2(R) =
∫ ∫
eiλ(x−y)k Kα,β(x− y) fλ(y)gλ(x)dy dx
=
∫ ∫
eiλ
β
β+k ϕ(x′−y′) λ(α−1)/(β+k)
(x′ − y′)α+1 fλ
(
λ
− 1
β+k y′
)
gλ
(
λ
− 1
β+k x′
)
dy′ dx′.
If
(x′, y′) ∈ supp gλ
(
λ
− 1
β+k ·)× supp fλ(λ− 1β+k ·),
then
2 x′  2+ c1λ−
β
2(β+k) and 1 y′  1+ c1λ−
β
2(β+k) .
Hence in the support we have the conditions: x′ > y′ and
1− c1λ−
β
2(β+k)  x′ − y′  1+ c1λ−
β
2(β+k) .
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ϕ(t) = ϕ(1) + ϕ′(1)(t − 1) + 1
2!ϕ
′′(c)(t − 1)2
= 2+ ϕ′(1)(t − 1) + 1
2!ϕ
′′(c)(t − 1)2
by which we write
eiλ
β
β+k ϕ(x′−y′) fλ
(
λ
− 1
β+k y′
)
gλ
(
λ
− 1
β+k x′
)= eiλ ββ+k 12!ϕ′′(c)(x′−y′−1)2χ I˜2,λ× I˜1,λ (x′, y′)
where χA is the characteristic function of A,
I˜1,λ =
[
1,1+ c1λ−
β
2(β+k)
]
, and I˜2,λ =
[
2,2+ c1λ−
β
2(β+k)
]
.
We then obtain
〈Tλ,α,β fλ, gλ〉L2(R) = λ
α−1
β+k
∫ ∫
I˜2,λ× I˜1,λ
eiλ
β
β+k 1
2!ϕ′′(c)(x′−y′−1)2
× 1
(x′ − y′)|x′ − y′|α dy
′ dx′.
Since
λ
β
β+k 1
2!ϕ
′′(c)(x′ − y′ − 1)2  λ ββ+k 1
2
Mc21λ
− β
(β+k)
 π
10
,
we obtain
Re〈Tλ,α,β fλ, gλ〉L2(R)  λ
α−1
β+k
∫ ∫
I˜2,λ× I˜1,λ
cos
π
10
dx′ dy′
 λ−
β−α+1
β+k
where Re A is the real part of the complex number A. Therefore
|〈Tλ,α,β fλ, gλ〉L2(R)|
‖ fλ‖L2‖gλ‖L2
 λ−
β/2−α
β+k .
This completes the treatment of the case where k is even.
Now we turn into the case where k is odd. To treat this case we appropriate L2 functions f˜λ and g˜λ satisfying
|〈Tλ,α,β f˜λ, g˜λ〉L2(R)|
‖ f˜λ‖L2‖g˜λ‖L2
 λ−
β/3−α
β+k .
We ﬁrst consider the equation
ϕ′′(t) = β(β + 1)|t|−β−2 + k(k − 1)tk−2 = 0.
Since k 2 is assumed to be odd, the above equation has one solution c0 < 0. Let N be a positive real number satisfying∣∣ϕ′′(t)∣∣ N
for any t ∈ [2c0, c0/2]. We set
J1,λ =
[
c0λ
− 1
β+k , c0λ
− 1
β+k + c2λ−
1
β+k λ−
β
3(β+k)
]
and
J2,λ =
[
2c0λ
− 1
β+k ,2c0λ
− 1
β+k + c2λ−
1
β+k λ−
β
3(β+k)
]
,
where c2 is a positive real number satisfying
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3! 
π
10
. (2.9)
We deﬁne functions f˜λ and g˜λ as
f˜λ(y) =
{
eiλ
β
β+k (−|c0|−β+λ
1
β+k ϕ′(c0)y+ 12 c0ϕ′(c0)) if y ∈ J1,λ,
0 if y /∈ J1,λ
and
g˜λ(x) =
{
eiλ
β
β+k (−ck0−λ
1
β+k ϕ′(c0)x+ 12 c0ϕ′(c0)) if x ∈ J2,λ,
0 if x /∈ J2,λ.
From the deﬁnition of f˜λ and g˜λ it is obvious that
‖ f˜λ‖L2(R)‖g˜λ‖L2(R) ≈ λ−
1
β+k λ−
β
3(β+k) .
By using the change of variables (x, y) = (λ− 1β+k x′, λ− 1β+k y′) we obtain
〈Tλ,α,β f˜λ, g˜λ〉L2(R) =
∫ ∫
eiλ(x−y)k Kα,β(x− y) f˜λ(y)g˜λ(x)dy dx
=
∫ ∫
eiλ
β
β+k ϕ(x′−y′) λ(α−1)/(β+k)
(x′ − y′)α+1 f˜λ
(
λ
− 1
β+k y′
)
g˜λ
(
λ
− 1
β+k x′
)
dy′ dx′.
If x′ ∈ supp g˜λ(λ−
1
β+k ·) and y′ ∈ supp f˜λ(λ−
1
β+k ·), then
2c0  x′  2c0 + c2λ−
β
3(β+k) and c0  y′  c0 + c2λ−
β
3(β+k) .
Hence in the support we have the conditions: x′ < y′ and
c0 − c2λ−
β
3(β+k)  x′ − y′  c0 + c2λ−
β
3(β+k) .
By Taylor’s theorem and the fact that ϕ′′(c0) = 0, there exists c′ between c0 and t such that
ϕ(t) = ϕ(c0) + ϕ′(c0)(t − c0) + 1
3!ϕ
′′′(c′)(t − c0)3
by which we write
eiλ
β
β+k ϕ(x′−y′) f˜λ
(
λ
− 1
β+k y′
)
g˜λ
(
λ
− 1
β+k x′
)= eiλ ββ+k 13!ϕ′′′(c′)(x′−y′−c0)3χ J˜2,λ× J˜1,λ (x′, y′)
where
J˜1,λ =
[
c0, c0 + c2λ−
β
3(β+k)
]
and J˜2,λ =
[
2c0,2c0 + c2λ−
β
3(β+k)
]
.
We then obtain
〈Tλ,α,β f˜λ, g˜λ〉L2(R) = λ
α−1
β+k
∫ ∫
J˜2,λ× J˜1,λ
eiλ
β
β+k 1
3!ϕ′′′(c′)(x′−y′−c0)3
× 1
(x′ − y′)|x′ − y′|α dy
′ dx′.
Since ∣∣∣∣λ ββ+k 13!ϕ′′(c′)(x′ − y′ − 1)3
∣∣∣∣ λ ββ+k 16Nc32λ−
β
(β+k)
 π
10
,
we obtain∣∣Re〈Tλ,α,β f˜λ, g˜λ〉L2(R)∣∣ λα−1β+k
∫ ∫
J˜2,λ× J˜1,λ
cos
π
10
dx′ dy′
 λ−
β−α+1
β+k
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|〈Tλ,α,β f˜λ, g˜λ〉L2(R)|
‖ f˜λ‖L2‖g˜λ‖L2
 λ−
β/3−α
β+k .
This completes the treatment of the case where k is even. 
3. Hardy space estimates
In this section we prove Theorem 2. We basically develop the idea of Y. Pan in [10] to prove the theorem. We use the
deﬁnition of Hardy spaces via atomic decomposition.
Deﬁnition 1. Let 0 < p  1 and s be an integer that satisﬁes s  1/p − 1. Let I be an interval in R. We say that a is a
(p, s)-atom associated with I if a is supported on I ⊂R and satisﬁes
(i) ‖a‖L∞(R)  |I|−1/p;
(ii)
∫
R
a(x)xβ dx = 0,
where β is a nonnegative integer satisfying β  s.
If {a j} is a collection of (p, s)-atoms and {c j} is a sequence of complex numbers with ∑∞j=1 |c j|p < ∞, then the series
f =∑∞j=1 c ja j converges in the sense of distributions, and its sum belongs to Hp with the quasinorm (see [14])
‖ f ‖Hp = inf∑∞
j=1 c ja j= f
( ∞∑
j=1
|c j|p
)1/p
.
Proof of Theorem 2. Let a be a (p, s)-atom associated with an interval I . Since T is translation-invariant we may assume
that the center of I is the origin, so we write I = [−δ, δ]. We deﬁne an operator T by
T = T1,α,β − T0,α,β .
We ﬁrst consider the case δ  1. In view of the property of atomic decompositions of functions in Hp , it suﬃces to show
that ∫
R
∣∣Ta(x)∣∣p dx C (3.1)
where C is a constant independent of a. We decompose the left-hand side of (3.1) as∫
R
∣∣Ta(x)∣∣p dx = ∫
|x|2δ
+
∫
2δ|x|r
+
∫
|x|r
∣∣Ta(x)∣∣p dx.
To handle the ﬁrst term we make use of L2 boundedness of both T1,α,β and T0,α,β in the previous section and [3], respec-
tively. Actually we use Hölder’s inequality and the deﬁnition of the atom to obtain∫
|x|2δ
∣∣Ta(x)∣∣p dx ∫
|x|2δ
∣∣T1,α,βa(x)∣∣p dx+
∫
|x|2δ
∣∣T0,α,βa(x)∣∣p dx
 δ1−p/2‖a‖p
L2(R)
 1. (3.2)
We expand (x− y)k to write
(x− y)k =
k∑
j=0
c j y
jxk− j
and deﬁne
Q (x, y) =
k−1∑
c j y
jxk− j .j=1
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2δ|x|r
∣∣Ta(x)∣∣p dx = ∫
2δ|x|r
∣∣(T1,α,β − T0,α,β)a(x)∣∣p dx

∫
2δ|x|r
∣∣∣∣
∫ ∣∣eiQ (x,y) − 1∣∣∣∣Kα,β(x− y)∣∣∣∣a(y)∣∣dy
∣∣∣∣
p
dx.
By using |eit − 1| |t| we obtain∫
2δ|x|r
∣∣Ta(x)∣∣p dx ∫
2δ|x|r
∣∣∣∣
∫
|y|δ
k−1∑
n=1
∣∣cn ynxk−n∣∣ 1|x|α+1 δ−1/p dy
∣∣∣∣
p
dx

k−1∑
n=1
∫
2δ|x|r
|x|(−α−1+k−n)pδ(n+1−1/p)p dx.
With the assumption p < 1/α we obtain∫
2δ|x|r
∣∣Ta(x)∣∣p dx k−1∑
n=1
r(−α−1+k−n)p+1δnp+p−1.
Since n 1 and p  1/2, np + p − 1 0,
np + p − 1
(−α − 1+ k − n)p + 1 = −1+
αp − kp
np − (1− αp + (k − 1)p) .
Since αp − kp < 0 and np < 1− αp + (k − 1)p,
np + p − 1
(−α − 1+ k − n)p + 1 > 0
and it has the minimum when n = 1, that is, for 1 n k − 1
np + p − 1
(−α − 1+ k − n)p + 1 
2p − 1
1+ (k − 2− α)p .
Therefore if we set
r = δ− 2p−11+(k−2−α)p ,
then ∫
2δ|x|r
∣∣Ta(x)∣∣p dx C .
Now we write∫
|x|r
∣∣Ta(x)∣∣p dx ∫
|x|r
∣∣∣∣
∫ |a(y)|
|x− y|α+1 dy
∣∣∣∣
p
dx

∫
|x|r
1
|x|(1+α)p
∣∣∣∣
∫ ∣∣a(y)∣∣dy∣∣∣∣
p
dx.
Since 11+α <
k
k+α  p, (1+ α)p > 1. By combining this with the assumptions, δ  1 and p  kk+α we obtain∫
|x|r
∣∣Ta(x)∣∣p dx 1
r(1+α)p−1
δ(1−1/p)p
= δ ((1+α)p−1)(2p−1)1+(k−2−α)p δp−1
= δ p(p(k+α)−k)1+(k−2−α)p  1.
This is the desired estimate for the case δ  1.
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R
∣∣Ta(x)∣∣p dx = ∫
|x|2δ
+
∫
|x|2δ
∣∣Ta(x)∣∣p dx
= I1 + I2.
We obtain the desired estimates for I1 by using the same argument as in (3.2). For I2 we perform the similar computation
as above to have∫
|x|2δ
∣∣Ta(x)∣∣p dx ∫
|x|2δ
1
|x|(1+α)p
∣∣∣∣
∫ ∣∣a(y)∣∣dy∣∣∣∣
p
dx
 δ−(1+α)p+1δp−1 = δ−αp  1.
This completes the proof. 
4. Necessity for the restriction on p
Proof of Theorem 3. We set Tα,β = T1,α,β − T0,α,β . For δ > 0 we set ηδ = −χ[−2δ,−δ] + χ[δ,2δ] . We deﬁne a function a as
a(y) = −δ−1/pηδ/2(y) + 1
4
δ−1/pηδ(y).
It is immediate from the deﬁnition that a satisﬁes that for β = 0,1
|a| 4δ−1/p and
∫
R
a(y)yβ dy = 0.
To simplify the notation we deﬁne
N(x, y) = (x− y)k − xk − yk.
Then
δ1/pe−ixk Im
(
Tα,βa(x)
)=
− δ2∫
−δ
−
δ∫
δ
2
−1
4
−δ∫
−2δ
+1
4
2δ∫
δ
sin(|x− y|−β + N(x, y))
|x− y|α(x− y) dy
−
− δ2∫
−δ
+
δ∫
δ
2
+1
4
−δ∫
−2δ
−1
4
2δ∫
δ
sin(|x− y|−β)
|x− y|α(x− y) dy = I + II.
For any C1, let x ∈ ((1− C12 )( π2δk )1/(k−1), (1+ C12 )( π2δk )1/(k−1)), then for δ2 < |y| < δ, we get(
1− C1
2
)k−1
π
4
<
∣∣kxk−1 y∣∣< (1+ C1
2
)k−1
π
2
and for small δ,
(1− C1)π
4
<
∣∣|x− y|−β + (x− y)k − xk − yk∣∣< (1+ C1)π
2
.
Let C1,C2 be such that
1− C2
x
<
1
x− y <
1+ C2
x
and
sin
(
π
4
(1− C1)
)
>
1
2
(
1+ C2
1− C2
)α+1
.
Hence
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(
π
4
(1− C1)
)
δ
(1− C2)α+1
xα+1
− 1
2
δ
(1+ C2)α+1
xα+1
 Cδ 1
xα+1
for some constant C > 0. For II it is easy to see that
|II| δ1+β(1−1/k) 1
xα+1
.
Then we have
∫
R
∣∣Tα,βa(x)∣∣p dx δ−1
(1+ C12 )( π2δk )1/(k−1)∫
(1− C12 )( π2δk )1/(k−1)
(|I|p − |II|p)dx
 δ−1+p
(
1− δpβ(1−1/k))
(1+ C12 )( π2δk )1/(k−1)∫
(1− C12 )( π2δk )1/(k−1)
1
x(α+1)p
dx
 δ
pα+pk−k
k−1 .
This is unbounded as δ → 0 and p < kα+k . 
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